In this paper we study certain finite dimensional f-filbert modules over the function algebra d(Q), DC@". These modules appear as locahzations of a Cowen-Douglas operator. We show that these modules are always bounded, where the bound is related to the solution of an extremal problem. In particular, we obtain necessary sufticient conditions for such a module to be contractive. We apply the above results to produce an example of a contractive module over d(B2), which is not completely contractive.
1. INTRODUCTION 1.1. In this paper, we choose to work in the framework of Hilbert modules introduced by R. G. Douglas [9] . A Hilbert module 2 over a normed (not necessarily complete) complex algebra LX! consists of a complex Hilbert space X together with a continuous map (a,f) --t a .f from d x 2 to 2 satisfying the following conditions: For a, b EJZJ, h, ~;EJ'?, and a, /?EC, (i) 1 .h=h, (ii) (u.b) .h=a.(b.h), (iii) (u+b) .h=u.h+b-h, and (iv) u.(crh,+Bh,)=a(u.h,)+B(u.h,). For any region Q in C", let d (9) denote the closure of the algebra g(Q) of the polynomial functions on Q with respect to the supremum norm 11. jj ~ on Q. We recall that, for a given m-tuple T = (T,, .,., T,,,) of pairwise commuting operators on a Hilbert spce X", the closure D of Q is a K-spectral set for T if II P( 73 II = II P( T, 3 ..> T,)ll G K II P II x for all 9 E C[Z,, . . . . Z,], and $2 is a spectral set if K d 1.
The Hilbert g(Q)-module
structure on the Hilbert space X determines, and is completely determined by, a commuting m-tuple T = (T,, . . . . T,) of continuous operators on X defined by T;(h) = z, 'h for h E H, 1 d idm. X is a bounded (respectively contractive) 8(Q)-module with bound K if and only if 0 is a K-spectral (respectively spectral) set for T; and, in this case, X can be made into an d(Q)-module and is denoted by ~8~. On the other hand, by an easy application of the uniform boundedness principle, if X is an .d(Q)-module and if T is the m-tuple of pairwise commuting operators on A0 corresponding to the action of z, EL?(Q), 1 G i < m, on J?, then 0 is a K-spectral set for T for some K. Thus, the concept of 2 being an d(Q)-module is equivalent to Q being a K-spectral set for some m-tuple of pairwise commuting operators on 2.
1.3. The central object of study in this paper is a Hiibert d(a)-module CL+ ' described in 2.1, for a region Q as in 3.1, which appears as the localization of a Cowen-Douglas operator (see [S] ). We show that this module is bounded (Remark 3.3) by a quantity M,( V, w) associated with Sz and N which can be realized as 1) L jl )I L-' ' Jj for some linear transformation L of C"+' such that Cn+' LNL-I is a contractive d(Q)-module (Theorem 3.5). We interpret M,( V, w) as the solution of an extremal problem, a particular case of which is familiar (see Remark 4.4, [3, p, 7721) . Our extremal problem itself, in turn, can be seen in a more general perspective (Remark 4.5). Using Theorems 3.4 and 4.1, we obtain a curvature inequality (Theorem 5.2) for an m-tuple of Hilbert space operators in the Cowen-Douglas class P,(Q) and, in 5.4, we produce an example of a pair of joint weighted shift operators for which equality is attained. Finally, we apply the above results to solve in 6.1 a problem of Paulsen [21] and to show in 6.2 that, for an appropriate choice of N, Ch is a contractive, but not a completely contractive, module over &(B2). The existence of such examples over various function algebras was conjectured in Cl, p. 2223. However, the only known examples are due to Parrott [20] over the tri-disk algebra. The Hilbert d(0)-module structure C&+ ' on then Hilbert space C"+ ' defined using the m-tuple N of operators (as in 1.2 when Q is a K-spectral set for N for some K) is a central object of our study here.
2.2. Let A%?~(@) denote the algebra of complex matrices of size n with respect to the operator norm I)A112=max {)AI:A is an eigen value of AA*).
LEMMA.
For u, v E C" and a, 1, p E @, we have Proof. To see the continuity of the map, we use (c) and (d) of the lemma above. The rest is straightforward.
For w E C", let H(W) denote the algebra of the germs of complex valued analytic functions at w. Note that a sequence (fn} in H(w) converges to f in H(w) if and only if there exists a compact neighbourhood K of w on which a representative off,, is defined for each n and the sequence of these representatives converges to a representative offin K. We denote by B(w) the (incomplete!) algebra of the elements of H(w) admitting a rational function defined in a neighbourhood of w as a representative.
2.2.3. PROPSITION. Let V be an n x n-matrix, vk its k th-row, and let N be as in 2.1. Then, the map f++ N(V'(w) . V,f(w)) is a continuous algebra homomorphism from H(w) to M, + ,(C) coinciding with the (evaluation) map r -+ r(N) on B(w).
Proof. We first observe that if ( fn} is a sequence of functions defined on a compact neighbourhood U of w converging to a function f, then, by the Weierstrass theorem [19, 
AN EXTREMAL QUANTITY
The following alternative description of DQ(w) and Ma( I/, w) is crucial in this article. It was shown in [6] that each m-tuple T in P,(Q) determines a non-zero holomorphic map y : 52 ++ S? such that v(w) E fir=, Ker( Tk -wk) for all WEQ and such that the curvature matrix %-(w) = ( &log II r(w)!l') 2 I is a complete unitary invariant for T. It is therefore of interest to relate the properties of T to its curvature. In this section, we obtain an inequality for the curvature when Z'.,. The importance of completely contractive modules lies in, among other things, a dilation theorem due to Arveson [2, Corollary, p. 2791. We refer the reader to the forthcoming book of Paulsen [22] for more details; related material can also be found in [ 1,211. 
we must at least have SUP ( /I gp(wl V@ Ik II : p E =hA~'(Q)L II p II d 1 and P(w)=O} < 1.
However.
ll~~~~~~~oz,Il=sup(I<~~~~w~~vo~,~x,y)l:
x E cmk, y E Ck, I/ x II < 1 = I( y I( 6 1 }.
We set, for x = (x1, . . 
We illustrate that (1) and (2) can be used to generate examples of contractive modules which are not completely contractive. We choose Q to be the unit ball B2 in @*.
First, we note that, if II TII < l/d}.
For any VE&'~(C), the norm of the map L,: d2(C) + C defined by L,(P) = tr(P. I") is given by 
Thus, we obtain the following EXAMPLE.
In the definition of @k in 2.1, take Sz to be the unit ball in C*, u' to be the origin of Q, and v', v2 E c2 be such that if V= (::), then (/V\(<l andtr IVI>,,,/'?.Th en, a=,?+ is a contractive, but not a completely contractive, d(Q)-module.
The contractive part foIIows from Theorem 4.1(d) and that (ck is not completely contractive follows from (4) above.
In particular, V= I, makes ch into a contractive module which is not completely contractive.
